Proper Fourier decomposition formalism for cosmological fields in
  spherical shells by Samushia, Lado
MNRAS 000, 1–5 (2019) Preprint 17 June 2019 Compiled using MNRAS LATEX style file v3.0
Proper Fourier decomposition formalism for cosmological
fields in spherical shells
Lado Samushia?
Department of Physics, Kansas State University, 116 Cardwell Hall, Manhattan, KS, 66506, USA
National Abastumani Astrophysical Observatory, Ilia State University, 2A Kazbegi Ave., GE-1060 Tbilisi, Georgia
17 June 2019
ABSTRACT
Cosmological random fields are often analysed in spherical Fourier-Bessel basis. Com-
pared to the Cartesian Fourier basis this has an advantage of properly taking into
account some of the relevant physical processes (redshift-space distortions, redshift
evolution). The observations usually come in redshift slices and have a partial sky cov-
erage. These masking effects strongly correlate Fourier-Bessel modes that are meant
for a perfect spherical geometry and result in a lot of redundant measurements. This
work proposes a new Fourier basis that is better suited for measurements in redshift
shells and results in fewer Fourier modes, with the radial modes strictly uncorrelated
on large scales and the angular modes with significantly reduced redundancy. I argue
that the spherical Fourier analysis of cosmological fields should always use these new
modes instead of the historically established Fourier-Bessel eigenfunctions. The new
angular modes on the other hand have number of practical advantages and disadvan-
tages and whether or not to adopt them for a particular analysis should be made on
a case by case basis.
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1 INTRODUCTION
Cosmological fields are often analyzed in Fourier basis,
f (r) ∝
∫
dr f˜ (k)eikr . (1)
This is convenient because the distribution of matter in the
Universe is initially very close to Gaussian with different
Fourier modes statistically independent form each other. Al-
though, gravitational instability couples initially indepen-
dent Fourier modes on smaller scales, on large scales, where
the gravitational evolution is close to linear, they remain
uncorrelated.
In practice, these cosmological fields are observed in fi-
nite volumes. The“ window”effects due to finite volume cor-
relate the measured Fourier modes f˜ (k) and reduce the num-
ber of effectively uncorrelated modes (Peacock & Nicholson
1991). The exact nature of these uncorrelated modes de-
pends on the geometry of the observed volume. For a cube
with a side length L and periodic boundary conditions the
proper decomposition into complete orthogonal basis vectors
? E-mail: lado@k-state.edu
is be given by,
f (x, y, z) ∝
∑
`,m,n
f˜`mne
i 2piL (`x+my+nz), (2)
where l, m, n are integers and x, y, z are Cartesian coor-
dinates. The new, smaller set of eigenvectors f˜`mn are now
uncorrelated. The original modes from Eq. (1) are not inde-
pendent anymore and can be expressed in terms of the basis
of Eq. (2).
For a sphere of radius R, with zero boundary conditions
on the outer boundary and a restriction that the functions
are finite everywhere inside, the complete orthogonal basis
is
f (r, θ, φ) ∝
∑
`,m,n
f˜`mn j`
(
k`n
R
r
)
Y`m(θ, φ). (3)
Here j` are spherical Bessel functions of the first kind, Y`m
are the spherical harmonics, and k`n is the n-th zero of the
`-th order spherical Bessel function. r, θ, φ are spherical
coordinates, while n, ` and m are integers satisfying −` ≤
m ≤ ` (see e.g., Heavens & Taylor 1995).
Real survey volumes are neither cubes nor spheres and
have a rather complicated geometry. A standard practice
is to embed these volumes into a larger cube, zero-pad the
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areas outside the actual observable volume, and Fourier de-
compose the field in the basis of Eq. (2) (Feldman, Kaiser &
Peacock 1994; Tegmark 1995). Alternatively, one can use an
enclosing sphere and the basis of Eq. (3) (Leistedt, Rassat,
Re´fre´gier & Starck 2012).
The Cartesian basis is more convenient to compute and
interpret and is more frequently used in the analysis of
galaxy clustering data. The spherical basis has the advan-
tage that some of the relevant physics (e.g. redshift-space
distortions, redshift evolution) is better aligned with the co-
ordinates and therefore the wide-angle effects can be taken
into account more naturally (Samushia, Branchini & Perci-
val 2015; Yoo & Seljak 2015).
In both cases we are using a larger than observed vol-
ume for Fourier decomposition which gives rise to so called
“Window effects” (see e.g., Wilson, Peacock, Taylor & de la
Torre 2017). The basis vectors are not orthogonal anymore.
Since the decomposition volume is larger than the observed
volume there are too many basis vectors and not all of them
are independent. This affects large scales (comparable to the
size of the survey) more and correlates those modes even
when they are Gaussian. If we decomposed the distribution
in true eigenvectors of the observed volume large scale lin-
ear modes would be uncorrelated. Unfortunately, this is not
possible due to a complicated nature of the visibility masks.
The basis proposed in this paper comes very close to
this goal. The method relies on the fact that surveys are
usually analyzed in redshift slices with a sharp boundary at
rmin and rmax away from the observer, forming a fraction of
a spherical shell. The exact eigenvectors of a spherical shell
can be easily computed and expressed in terms of a mixture
of spherical Bessel functions of first and second kinds. We
can go one step further and enclose the observed angular
mask into a bounding spherical cap. The exact eigenvectors
for a spherical cap can also be computed and expressed in
terms of Legendre functions of the first and second kind.
This results in a new basis for Fourier decomposition that is
similar to the spherical basis but has fewer (less correlated)
modes. The basis can be described by kn - a wavenumber of a
radial mode, and two orbital numbers λ and m that describe
angular patterns. Unlike spherical Fourier decomposition λ
is not in general an integer. This radial and angular eigen-
vectors have been separately studied before in the context of
geophysics (Haines 1985; The´Bault, Schott & Mandea 2006;
Mushref 2010), but I am not aware of any reference that
studies them simultaneously. I am also not aware of any
works that implement the formalism in the context of cos-
mological random fields.
The proposed basis has a number of advantages, espe-
cially when describing clustering on large scales. The radial
modes are in fact exact and fully uncorrelated. Since survey
masks do not form a perfect spherical cap, the angular modes
are not exact but are closer to the “true” basis than the con-
ventional spherical harmonics decomposition. As a result the
new basis has fewer eigenvectors for the same range of scales
that are much less correlated because of the reduced redun-
dancy.
The new basis is not computationally more expensive
than the standard spherical decompositions and may be ad-
vantageous when analyzing large-scale structure on large
(compared to the size of the sample) scales such as the anal-
ysis of non-Gaussianity in galaxy and weak lensing surveys,
and intensity mapping experiments (e.g., Liu, Zhang & Par-
sons 2016; Kitching, et al. 2014).
I will derive this basis in section 2, will describe some
of its basic properties in section 3, and possible applications
in section 4. Application of the basis to real data is left for
future work (see, Chakraborty & Pullen 2019, for an example
of how the new basis is used in computing signal to noise of
21cm experiments).
2 COMPLETE BASIS FOR A SPHERICAL
SHELL
2.1 Perfect Spherical Shell
I will start by finding a complete basis for a field in a spheri-
cal shell between rmin < r < rmax, for now assuming a full-sky
coverage. The most general solution of Laplace equation in
spherical coordinates is given by
f (r, θ, φ) = [Cj jλ(kr) + Cy yλ(kr)] × (4)[
CpP
µ
λ
(cos(θ)) + CqQµλ(cos(θ))
] ×[
C+eiµφ + C−e−iµφ
]
,
where all Cs are constants, Qµ
λ
and Pµ
λ
are Legendre func-
tions of the first and second kind, and j` and y` are spherical
Bessel functions of first and second kind.
The quantization of the angular part is standard. First
of all, the function has to be 2pi periodic in azimuthal angle
φ, which forces µ to be an integer µ = m = 0, 1, 2, . . .. The
functions also have to be finite for −1 ≤ cos(θ) ≤ 1, which
in addition requires that Cq = 0 and λ is a positive integer
λ = ` = 0, 1, 2, . . . and that −` ≤ m ≤ `. For the angular part
so far we have regular spherical harmonics.
We now want to select a subset of radial functions that
satisfy necessary boundary conditions at the edges of the
spherical shell. Existing literature seems to prefer the New-
man boundary condition prescribing zero normal deriva-
tives at these boundaries and I will follow this tradition,
although in reality using Dirichlet or mixed boundary con-
ditions would not make a big practical difference for large
scale modes (except for a Gibb’s phenomenon close to the
boundary).1 This means that we have to find a solution to
a pair of equations
j ′`(krmin) +
Cy
Cj
y′`(krmin) = 0, (5)
j ′`(krmax) +
Cy
Cj
y′`(krmax) = 0. (6)
These equations will only have a joint solution for specific
discrete values of k and the Cy/Cj ratio. These pairs of values
are easy to find numerically and can be pre-tabulated for
arbitrary index `, and the values of rmin and rmax. I will
denote these solutions by k`n and A`n ≡ Cy/Cj where n
indexes the solutions of Eqs. (5) and (6). The new radial
functions are then
J` n(r) = j`(k`nr) + A`ny`(k`nr), (7)
1 Periodic boundary conditions do not make much sense for a
radial coordinate.
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and we end up with a new basis
Fn`m(r, θ, φ) ∝ J` n(r)Ym` (θ, φ). (8)
Any function in a spherical shell can be decomposed into
this basis by
f (r, θ, φ) =
∑
n,`,m
f˜n`mJ` n(r)Ym` (θ, φ), (9)
where f˜n`m are the new Fourier coefficients. Real data is
never given on a full-sky and therefore the angular large-
scale modes will still be correlated by the mask, but purely
radial modes are now strictly uncorrelated.
2.2 Reducing Angular Correlations
When the angular footprint is not a full sky (which is always
the case) the true eigenvectors are not traditional spherical
harmonics. For arbitrary angular masks there is little hope
of finding analytically traceable solutions, for simple geome-
tries however such solutions may exist. One example of such
a geometry is a spherical cap given by cos(θmax) < cos(θ) < 1,
where we directed azimuthal axis towards the middle of the
cap for simplicity. In this case the eigenvectors are still given
by a mixture of Pµ
λ
and Qµ
λ
but the boundary condition
changes to the angular derivative being zero at θ = θmax
and the functions being finite within θmax < θ < 0. This ex-
cludes Qµ
λ
which are not finite for cos(θ) < 1 and quantizes λ
values in Pµ
λ
which are still discrete but not in general inte-
ger. Since we need the solution to be azimuthally symmetric
µ = m still needs to be integer.
To find the spectrum in λ we have to numerically solve
equation
dPm
λ
(θ)
dθ

θ=θmax
= 0. (10)
k`n spectrum for the spherical Bessel functions can then be
found as before by solving Eqs. (5)–(6) but with λs now
being non-integer and determined by the size of the angular
cap.
I provide a jupyter-notebook that demonstrates how
these spectra can be found numerically.2
3 PROPERTIES OF THE NEW BASIS
FUNCTIONS
Radial basis functions described in previous section behave
as one would expect from an orthogonal set. The nth basis
function has n− 1 nodes, and higher orders pick up informa-
tion from smaller scales. The top panel of figure 1 shows first
three basis functions for a spherical shell between zmin = 1
and zmax = 1.1 at ` = 0. These eigenfunctions are clearly
uncorrelated unlike the first three basis functions of the
standard Fourier-Bessel decomposition shown on the bot-
tom panel of the same figure which are clearly redundant.3
2 https://github.com/ladosamushia/
Spherical-basis-for-a-shell/blob/master/SFBonshell.
ipynb.
3 For simplicity, in this section I compute eigenfunctions to be
zero at the boundaries rather than to have a zero derivative. This
does not really affect any of the results but makes plots easier to
interpret.
Figure 1. First three basis functions (for ` = 0) for the new basis
advocated in this paper (top panel) and the conventional Fourier-
Bessel basis (bottom panel) for a redshift range between zmin = 1
and zmax = 1.1.
Figure 2 shows angular patterns produced by the stan-
dard spherical harmonics (top two rows) and by the proper
angular basis (bottom two rows) in a spherical cap with
θmax = 52° (roughly the size of the BOSS CMASS North
footprint, Dawson, et al. 2013). It is clear that the spherical
harmonics are tightly correlated while the proper basis func-
tions display the expected pattern of nodes with increasing
λ.
Figure 3 shows how the number of radial eigenfunctions
depends on the width of the redshift bin. The upper edge of
the redshift slice is fixed at zmax = 1.1 while the bin width
varies. For narrower bins the standard Fourier-Bessel pro-
vide way too many large scale modes that are bound to be
strongly correlated by the radial mask (this spectrum only
depends on the upper edge and not on the bin width), while
MNRAS 000, 1–5 (2019)
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Figure 2. First few eigenfunctions for the standard spherical harmonic basis (top two rows) and the new basis (bottom two rows) for a
spherical cap with θmax = 52°.
the new basis has fewer eigenfunctions for narrow bins prop-
erly reflecting this fact. The lowest frequency modes scale
roughly as pi/∆r with bin width as expected. Also as ex-
pected, as the bin width increases (higher frequencies) the
differences between two bases become smaller.
Figure 4 shows a similar mode count for the angular
eigenfunctions as a function of the footprint size. For the
standard spherical harmonics basis the ` spectrum consists
of positive integers irrespective of the size of the footprint
which results in strongly correlated modes at low `. The
proper basis has fewer eigenfunctions for smaller footprints.
The lowest λ roughly scales as pi/θmax as expected. For larger
footprints the difference between two bases gets smaller. The
λ spectrum has all the intuitively expected properties e.g. for
half-sky coverage it consists of only odd integers (or even
integers depending on the boundary conditions) or half the
original full sky modes.
4 CONCLUSIONS
This paper introduces a new Fourier basis that is exact for
fields observed in spherical shells and caps. This basis has a
number of potential advantages. It strongly reduces the win-
dow induced correlations between measured Fourier modes,
in fact if the survey geometry were a perfect spherical shell
in an angular cap there would be no correlations. Realis-
tic survey footprints are unlikely to be exact spherical caps
but one can always find the smallest spherical cap that en-
closes the survey footprint (e.g. BOSS CMASS North can
MNRAS 000, 1–5 (2019)
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Figure 3. Frequencies of the basis functions for the new ba-
sis (blue squares) and the conventional Fourier-Bessel basis (red
dots) for a redshift slice with the upper edge at zmax = 1 and as a
function of the bin width.
Figure 4. λ spectrum of proper angular basis functions for a
spherical cap (blue squares) versus the standard spherical har-
monic ` spectrum (red dots) as a function of θmax.
be enclosed in a spherical cap with θmax ' 52°). This will
not completely remove the correlations but will reduce them
significantly. The window functions are not always easy to
treat, especially on very large scales, and the studies that
make use of very large scale power spectrum may want to
opt for the Fourier coefficients that are significantly decor-
related. The radial part of the decomposition of course does
not suffer from this problem since observed fields are almost
always analysed in redshift shells with sharp radial bound-
aries. Since significantly less Fourier modes need to be com-
puted the analysis codes are likely to be much faster, and the
covariance matrices are smaller which is always a welcome
improvement.
For the standard BAO/RSD type of analysis that takes
place on scales smaller than the survey window the Carte-
sian Fourier basis is probably more convenient, especially
given recently developed methods that reduce wide-angle
effects (Bianchi, Gil-Mar´ın, Ruggeri & Percival 2015; Scoc-
cimarro 2015). For the analysis of very large scale physics
(e.g. primordial non-Gaussianity, relativistic effects, etc.) the
spherical basis may be preferable. For those types of studies
one should use the new radial shell eigenvectors of Eq. (7)
instead of historically used spherical Fourier-Bessel basis.
They provide uncorrelated modes and carry no additional
numerical or conceptual penalty. Whether or not to also use
the spherical cap basis is a more complicated question. Even
for non full-sky footprints one may opt to go with the stan-
dard spherical harmonics decomposition for a number of rea-
sons (theoretical familiarity, the availability of well validated
codebase for computing C`s, the fact that window effects are
not going to completely go away anyway). A good practical
compromise in this case may be to find the λ spectrum for
the enclosing spherical cap and than only use the standard
spherical harmonics eigenvectors with the nearest integer `
values.
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